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It is a classical result that the number of primes  for which τ ()
vanishes has Dirichlet density 0, where τ () is the Ramanujan τ
function. We study an analogous question that arises in studying
the Λ-adic representation whose image is full. In particular, we
show that the set of primes  for which the trace of the Frobenius
at  has positive μ-invariant has Dirichlet density 0. We also
discuss the analogous Dirichlet densities related to λ-invariants.
© 2009 Elsevier Inc. All rights reserved.
1. Statement of the results
Tremendous efforts have been devoted to the study of τ (), which can be regarded as the trace
of the Frobenius of the p-adic representation attached to the unique cusp form  of weight 12 and
level 1. For example, it is proved in [3] that the set of primes for which τ () = 0 has Dirichlet
density 0. In [1], Hida constructed Galois representations into GL2(R), for some ring R , by considering
families of modular forms. In [2], Mazur and Wiles have shown that the ring R is Λ = Zp[[T ]] for the
representation attached to , and has image containing SL2(Λ) under mild assumptions. Motivated by
results in [3], we study the trace of the Frobenius, tr(ρ(Frob)) of Λ-adic representations. In particular,
we study the Iwasawa invariants attached to tr(ρ(Frob)), and show that the set of primes  for which
μ(tr(ρ(Frob))) > 0 has density 0.
Suppose we have a Galois representation:
ρ : GQ → GL2(Λ),
such that the image is full (i.e. SL2(Λ) ⊆ imρ). The main results in this paper are the following:
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{

∣∣μ(tr(ρ(Frob)))= 0}
has density 1.
In other words, the set:
{

∣∣μ(tr(ρ(Frob)))> 0}
has density 0.
Theorem 1.2. Suppose the image of the Galois representation: ρ : GQ → GL2(Λ) is full, and let ρ : GQ →
GL2(Fp) be the residual representation. Then we have:
δ
({

∣∣ λ(tr(ρ(Frob)))=m})= C(ρ)
pm+1(p + 1) ,
where C(ρ) is a constant depending only on the residual representation ρ .
2. Λ-adic Galois representation
Suppose we have a Galois representation:
ρ : GQ → GL2(Λ),
such that the image is full (i.e. SL2(Λ) ⊆ imρ). In this section, we will study the Iwasawa invariants
of tr(ρ(Frob)) ∈ Λ for  = p.
Let In = (Tn, p) ⊂ Λ, and let An = Λ/In ∼= Fp[[T ]]/Tn ∼= {a0 + a1T + · · · + an−1Tn−1 (mod Tn)}.
Denote the natural map Λ → An by πn , and deﬁne ρn = πn ◦ ρ . To study the μ-invariant, it suﬃces
to study the value of tr(ρn(Frob)) ∈ GL2(An) for large n.
Notice that this is a ﬁnite group, we ﬁrst calculate the order of the group.
Proposition 2.1. Let An = Λ/(p, Tn). Then:
(a) The sequence: 1 → 1+ T An → A×n → F×p → 1 is exact.
(b) |A×n | = (p − 1)pn−1 .
(c) The sequence: 1 → I + TM2(An) → GL2(An) → GL2(Fp) → 1 is exact.
(d) |GL2(An)| = |GL2(Fp)| · p4(n−1) = (p2 − 1)(p2 − p)p4(n−1) .
(e) |SL2(An)| = p3(n−1)p(p2 − 1).
Proof. The proof is omitted. 
Proposition 2.2. Suppose p is a prime, then each of the following maps is surjective for all n.
(a) SL2(Λ) → SL2(Fp[[T ]]).
(b) SL2(Fp[[T ]]) → SL2(An).
(c) SL2(Λ) → SL2(An).
Proof. We treat the cases where p > 2, and p = 2 separately. First suppose p is odd. For (a) suppose
g′ ∈ SL2(Fp[[T ]]), and let g ∈ GL2(Λ) be a lift of g′ . Then det(g′) = 1 implies det(g) = 1 + pf , for
some f ∈ Λ. Since 1+ pΛ is pro-p, we have 1+ pΛ = (1+ pΛ)2 since p is odd. Hence 1+ pf = α2
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For (b) the proof is exactly the same as (a) since An is also pro-p. Part (c) follows directly from (a)
and (b).
Now, we give a different proof that works for all p, but we want to point out that in the case p is
odd, the above proof is much simpler and appealing. (For example, the above proof generalizes to SLn
as long as (n, p) = 1.)
For (a) let g¯ ∈ SL2(Fp[[T ]]), and let
( a b
c d
) ∈ M2(Λ) be any lift of g¯ . We then have ad − bc = 1+ pk
with k ∈ Λ. In particular, one of a,b, c,d is a unit in Λ; without loss of generality, assume that a ∈ Λ×
and set d′ = d + a−1pk. We then have ( a b
c d′
)
is still a lift of g¯ , but now it has determinant 1.
For (b), let g¯ ∈ SL2(An), and let g′ ∈ M2(Fp[[T ]]) be an arbitrary lift of g¯ and write
g¯ =
(
a¯ b¯
c¯ d¯
)
, g′ =
(
a b
c d
)
.
We will show that there exists a lift g ∈ SL2(Λ) of the form:
g =
(
a + αTn b + βTn
c d
)
.
By p-adic Weierstrass preparation mod p, if c is non-zero mod p, write c = UcT C , in Fp[[T ]], and
similarly write d in the same form. We see that (c,d) = 1, otherwise det(g) ∈ TFp[[T ]] whose re-
duction mod Tn cannot be 1. Since Fp[[T ]] is a PID, there exist x, y ∈ Fp[[T ]] such that cx − dy = 1.
Suppose det(g) ≡ 1 (mod Tn), write det(g) = 1 + kTn . Now we choose α = yk and β = xk. Then
we have det(g) = (a + ykTn)d − (b + xkTn)c = ad + dykTn − bc − cxkTn = ad − bc + (dy − cx)kTn =
(1+ kTn) − kTn = 1 and we are done.
Finally, (a) and (b) are done. Part (c) follows as before. 
Lemma 2.3. If SL2(R) B  GL2(R), and det(B) = A× , then
B = {x ∈ GL2(R) ∣∣ det(x) ∈ A×}.
Proof. That B ⊂ {x ∈ GL2(R) | det(x) ∈ A×} is clear. Suppose x ∈ GL2(R) such that det(x) ∈ A× =
det(B). Then there exists b ∈ B such that det(x) = det(b). This implies det(b−1x) = 1, and thus
b−1x ∈ SL2(R). Therefore b−1x ∈ B and we have x ∈ B . 
Proposition 2.4. Suppose ρ : GQ → GL2(Λ) has full image. Say det(imρ) = B  Λ× . Then ρn : GQ →
GL2(An) also has full image, with im(ρn) = {x ∈ GL2(An) | det(x) ∈ πn(B) = Bn}. Furthermore, we have:
∣∣im(ρn) ∩ Xn∣∣= p2(n−1)∣∣im(ρ1 ∩ X1)∣∣|Bn|/|B1|,
where Xn = {x ∈ M2(An) | tr(x) = 0}.
Proof. That ρn has full image with im(ρn) = {x ∈ GL2(An) | det(x) ∈ πn(B) = Bn} follows from Propo-
sition 2.2 and Lemma 2.3. Suppose M is an arbitrary element of M2(Λ), and deﬁne Mn = πn(M).
Write
Mn =
(
a b
c d
)
.
The condition for Mn ∈ im(ρn) ∩ Xn is that −a2 − bc = u ∈ Bn . We will now proceed by induction
on n. The case n = 1 is trivial. For the inductive step, we ﬁrst prove the following claim:
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Proof of Claim. Notice that if Mn+1 ∈ im(ρn+1) ∩ Xn+1, then Mn ≡ Mn+1 (mod Tn) is in im(ρn) ∩ Xn .
Hence to count |im(ρn+1) ∩ Xn+1|, it suﬃces to count the number of lifts from im(ρn) ∩ Xn . Now
suppose u = u′ + unTn ∈ Bn+1 is a lift of u′ ∈ Bn , and that Mn+1 ∈ im(ρn+1) ∩ Xn+1 is a lift of Mn ∈
im(ρn) ∩ Xn , where
Mn+1 =
(
a′ + anTn b′ + bnTn
c′ + cnT n −(a′ + anTn)
)
and Mn =
(
a′ b′
c′ −a′
)
.
Then we have −(a′ + anTn)2 − (b′ + bnTn)(c′ + cnTn) = u′ + unTn in An+1. Expanding and using
the fact that −a′2 − b′c′ = u′ gives:
−2a′anTn − b′cnT n − bnc′Tn = unTn. (1)
Now write a′ = a0 + a1T + · · · + an−1Tn−1, and likewise for b′ and c′ . Note that Tn+1 = 0 in An+1.
Then Eq. (1) is equivalent to:
−2a0an − b0cn − bnc0 = un
over Fp .
Since a0,b0, c0 are ﬁxed, for each un , there are p2 choices of (an,bn, cn) such that Eq. (1) holds.
Now the number of choices of un = #{u ∈ Bn+1 | u ≡ u′ (mod Tn)} = |ker(Bn+1 → Bn)| = |Bn+1|/|Bn|.
Hence we have |im(ρn+1) ∩ Xn+1| = p2|im(ρn) ∩ Xn||Bn+1|/|Bn| as claimed. 
Finally, we complete the induction as follows:
∣∣im(ρn+1) ∩ Xn+1∣∣= p2∣∣im(ρn) ∩ Xn∣∣|Bn+1|/|Bn|
= p2 × p2(n−1)|imρ1 ∩ X1|
(|Bn|/|B1|)× |Bn+1|/|Bn|
= p2n|imρ1 ∩ X1||Bn+1|/|B1|,
where the second equality follows from the inductive hypothesis. Done. 
We will give a completely closed form for the extreme cases of the image.
Corollary 2.5. Suppose p is an odd prime, and that ρn : GQ → GL2(An) is full.
(a) If im(ρn) = SL2(An), then |im(ρn) ∩ Xn| = p2n−1(p + (−1/p)), where (·/p) is the Legendre symbol
mod p.
(b) If im(ρn) = GL2(An), then |im(ρn) ∩ Xn| = p3n−1(p − 1).
Proof. (a) By Proposition 2.4, since |Bn| = 1 for all n. We only need to compute |SL2(Fp) ∩ X1|. It
suﬃces to ﬁnd the total number of solutions to −a2 − bc = 1 for a,b, c ∈ Fp . This equals:
S =
p−1∑ p−1∑[
1+
(−1− bc
p
)]
.b=0 c=0
3050 K.T.-L. Koo / Journal of Number Theory 129 (2009) 3046–3051Now,
S = p2 + (2p − 1)
(−1
p
)
+
p−1∑
b=1
p−1∑
c=1
[(−1− bc
p
)]
.
For each ﬁxed b, bc runs through F×p as c runs through F×p . Thus −1 − bc runs through{0,1,2, . . . , p − 2}. Hence:
S = p2 + (2p − 1)
(−1
p
)
+ (p − 1)
p−2∑
a=0
(
a
p
)
= p2 + (2p − 1)
(−1
p
)
+ (p − 1)
(
−
(−1
p
))
= p2 +
(−1
p
)
p.
(b) We know that |Bn|/|B1| = |A×n |/|A×1 | = (p − 1)pn−1/(p − 1) = pn−1. We only need to compute|GL2(Fp) ∩ X1| = |M2(Fp) ∩ X1| − |{g ∈ M2(Fp) | tr(g) = det(g) = 0}|. Now, we have:
∣∣{g ∈ M2(Fp) ∣∣ tr(g) = det(g) = 0}∣∣=
p−1∑
b=0
p−1∑
c=0
(
1+
(−bc
p
))
= (2p − 1) +
p−1∑
b=1
p−1∑
c=1
(
1+
(−bc
p
))
= p2.
Hence |GL2(Fp) ∩ X1| = p3 − p2 = p2(p − 1) and we have
∣∣GL2(An) ∩ Xn∣∣= p2(n−1) × (p − 1)p2 × pn−1 = (p − 1)p3n−1. 
3. The μ-invariant and λ-invariant
Theorem 3.1. Suppose the image of the Galois representation ρ : GQ → GL2(Λ) is full. Say det(imρ) =
B ⊂ Λ× . Let ρn : GQ → GL2(An) be the representationmod In,det(imρn) = Bn ⊂ A×n . Then:
δ
({

∣∣ tr(ρn(Frob))= 0})= |imρ1 ∩ X1|
pn(p2 − 1)|B1| ,
where δ(X) is the Dirichlet density of X .
Proof. By Galois theory, we identify Gal(Qker(ρn)/Q) with im(ρn). By the Chebotarev density theorem,
we have:
δ
({

∣∣ tr(ρn(Frob))= 0})= |im(ρn) ∩ Xn||im(ρn)| ,
where Xn ∈ M2(An) is the set of matrices with trace zero. By Lemma 2.3, |im(ρn)| = |SL2(An)||Bn|.
Therefore, by Propositions 2.1 and 2.4, we have:
δ
({

∣∣ tr(ρn(Frob))= 0})= p
2(n−1)|im(ρ1 ∩ X1)||Bn|/|B1|
p3(n−1)p(p2 − 1)||Bn| =
|im(ρ1) ∩ X1|
pn(p2 − 1)|B1|
as claimed. 
K.T.-L. Koo / Journal of Number Theory 129 (2009) 3046–3051 3051Proof of Theorem 1.1. This follows from Theorem 3.1 by letting n → ∞. 
In order to prove Theorem 1.2, we state and prove a more precise theorem:
Theorem 3.2. Suppose the image of the Galois representation: ρ : GQ → GL2(Λ) is full, and let ρ : GQ →
GL2(Fp) be the residual representation. Then we have:
δ
({

∣∣ λ(tr(ρ(Frob)))=m})= |im(ρ) ∩ X1|
pm+1(p + 1)|det(imρ)| ,
where X1 = {x ∈ M2(Fp) | tr(x) = 0}.
Proof. Let F = tr(ρ(Frob)) = a0 + a1T + a2T 2 + · · · ∈ Λ = Fp[[T ]]. If we have a0 ≡ a1 ≡ am−1 ≡ 0
(mod p) and am ≡ 0 (mod p). Then we see that λ(F ) =m. Therefore, the density we want is precisely:
δ({ | tr(ρm(Frob)) = 0}) − δ({ | tr(ρm+1(Frob)) = 0}). By Proposition 2.4, this density equals:
|imρ1 ∩ X1|
pm(p2 − 1)|B1| −
|imρ1 ∩ X1|
pm+1(p2 − 1)|B1| =
|im(ρ1) ∩ X1|
pm+1(p + 1)|B1| ,
as claimed. The result follows by noting ρ = ρ1. 
Acknowledgments
The author would like to thank Ralph Greenberg for suggesting the problem and fruitful discus-
sions, and Trevor Arnold for valuable discussions. The author also thanks the anonymous referee for
helpful comments.
References
[1] H. Hida, Galois representations into GL2(Zp[[X]]) attached to ordinary cusp forms, Invent. Math. 85 (1986) 546–613.
[2] B. Mazur, A. Wiles, On p-adic analytic families of Galois representations, Compos. Math. 59 (1986) 231–264.
[3] J.P. Serre, Une interpretation des congruences relatives à la fonction τ de Ramanujan, Seminaire Delange–Pisot–Poitou, 1967.
